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Abstract. This paper describes the application of the Box-Behnken experimen-
tal design technique in the response surface methodology to find the best value

for the parameters in the Variable Neighborhood Search algorithm for the geo-
graphical clustering problem. The solution of this problem demands a zone
classification process where each zone is made of objects that best fulfill the ob-

jective, usually the minimum accumulated distance from the objects to the cen-
troid in each zone: informally this process is named the geometric compact-
ness. This well known application is an NP hard combinatorial problem. In this

paper, we present the use of Variable Neighborhood Search VNS that has

proven to be one of the best methods in the heuristic resolution of combinatory
problems [9,10], but as a heuristic methodology. the conflict is centered in
evaluating the quality of the solutions obtained and their corresponding parame-
ters value [1].

Keywords: Geographical clustering Problem, Variable Neighborhood Search,
Box-Behnken, Experimental Design.

1 Introduction

The geographic clustering problem (GCP) consists in the classification of objects in

geographic units that fulfill a certain objective, mainly the geometric compactness
[7,18,19]. The geographic units that have been considered correspond to AGEBs
(Basic Geostatistic Areas) of the metropolitan zones in Toluca Valley MZTV [20].

The GCP problem belongs to the Territorial Design TD category and it is under-

stood as the problem of grouping small geographic areas (basic areas) in greater geo-
graphical clusters called territories, in such a way that the acceptable grouping is the
one that fulfills certain predetermined criteria [19]. The criteria or properties to fulfill
in GCP problems depend on the space restrictions as continuity and geometric com-
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pactness [5,6,7,13.14.19]. The NP-hard condition of the GCP, implies solving a great

number of geographic tasks that emphasizes the classification process directed toward

the fulfillment of an objective.

Therefore, this problem is usually explained with a description oriented towards

an optimization objective modeled mathematically as a cost function accompanied by

the characteristics of the problem expressed as constraints. The NP nature of this

classification problem, justify the utilization of a heuristic methodology to obtain a

solution approximated to the optimal one [15]. The GCP is a special case of the

classic clustering problem [7], but under the fulfillment of compactness, connected-

ness and/or homogeneity in some cases [19].
There are interesting works on classification under the criteria of minimal dis-

tances that have partially supported this paper [7,16] but they do not offer systematic

methods to help to fit the parameters in a heuristic procedure according to the quality
of the solutions offered [1,2,3]. In order to solve the problem, we selected PAM

(Partitioning Around Mediods) [11] because is an exact and good partitioning algo-

rithm that can be easily implemented and applied to the AGEBs, in order to obtain

optimal solutions for small problems. We used the optimal solutions obtained and

compared them with the solutions generated by Variable Neighborhood Search VNS

for the GCP and used those results in the Box Bhenken experimental design devel-

oped for this paper.

To solve the GCP we developed our own partitioning algorithm that minimizes

the distances between objects in order to obtain compactness between the AGEBs.

However, the primary target of this research goes beyond revealing the solutions

generated by the VNS, in this sense that we have applied a statistical methodology of

Box Behnken experimental design to find the parameters that best directs the heuristic

procedure to obtain high quality solutions because of its proximity to the optimal
solution.

Since there are not clear methodologies to determine the right parameters for heu-

ristic procedures as the VNS, our main contribution is centered exactly in this point,

in the search and control of the statistical properties of the parameters in a VNS pro-

cedure, under a systematic process that allows us to observe the quality of the results

for every combination in the design. In this context, this work presents a precise way

to choose the correct parameters that lead to the generation of solutions of good qual-
ity.

This document is organized in 4 sections. The introduction is presented in section

1, in section 2 we present the Mathematical model for the geographical clustering
problem and the solution and the Variable Neighborhood Search algorithm is pre-

sented in section 3. Section 4 describes the results obtained with the model and the

validation of the parameters variation; and finally the conclusions are in section 5.

2 A Mathematical Model for the Geographic Clustering Problem

Many approaches have been used to solve the geographic clustering problem (CGP).
The method utilized in this research to solve the AGEBs conglomerate design is simi-
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lar to the method presented in [7], where the authors implemented a genetic algorithm
for a similar zone design problem.

In the Geographic Clustering Problem solved here, the AGEBs are geographical
units where each AGEB is separated by different distances of non uniform geometric
structure, because the AGEBs are spatial data [14] and its geographical localization is
given by latitude and longitude, that made easier the calculation of the distances be-

tween them. The AGEBs are clustered in a way that the AGEBs composing such
groups are very close geographically, in order to minimize distances between them.

Basically, the strategy is to randomly choose AGEBs as centroids to identify the
groups. Those AGEBs that are not centroids and have the shortest distance to a spe-

cific centroid-AGEB are members of a group or a cluster. This informal idea is the
definition of geometrical compactness.

We did not define compactness in a formal way before, but the definition of
compactness of geographic units is included in Definition 1:

Definition 1 Compactness

Let Z={1, 2, ..., n} be the set of n objects to classify; the objective is to divide Z
in k groups G/, G2, ..., G& with k<n, such that:

•UiI G= Z

• GU G = Ø

G/21

i#j
i = 1,2, ..., k

A group Gm with |Gm| >1 is compact, if for every object 1€ Gm satisfies:

Min d(1, i) < Min d(1,j)
1 eGm, i#1 je Z-im

A group Gm with |Gml =1 is compact only if its object / satisfies:

Min d(t, i) < Min d(j, l)
iEZ-} j.le Gf. Vf#tm

(1)

The neighborhood criterion between objects needed to achieve the compactness is
given by the pairs of distances described in (1). Using this definition of compactness

we will proceed to describe the model for the Geographic Clustering Problem (GCP).

2.1 Model for the Geographical Clustering Problem (GCP)

Data

UG= total of AGEBS

Let the initial set of n geographical units be
UG={x/,x2..... x}, where

x, is the ith geographical unit (i=UG index)
k is the number of the zone (group)
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The following variables are defined to refer to the different groups:

Z, is the set of geographical units that belong to the ith zone
n is the number of geographical units

C is the centroid

d(i.j) is the euclidean distance from node i to node j (from one AGEB to another)

Constraints

Z≠Ø for i = 1,.... k (nonempty groups)

Z,n Zj=  Ø for i ≠j (The same AGEBs cannot be in different groups)

UG= U (The union of all the groups are all the AGEBSs

Objective Function Once the number of centroids (k) is decided (C, with t = 1,...k),
the centroids will be randomly selected and the AGEBs will be assigned to the nearest

centroids. Each AGEB i is assigned to the nearest centroid C. Then, for each AGEB

i:

The objective function is the minimum of the sum of the distances between the

centroids (for each k) and the AGEBs assigned to them. Each AGEB is assigned to

the closest centroid (C,).

Min d (1, C,)
1...k

For every k (where k=1.....n) the sum of the distances from every AGEBS as-

signed to each centroid is calculated and the minimum is selected. Therefore the ob-

jective function can be written as:

Mind
k=1....nit

(2)

3 The Variable Neighborhood Search (VNS)

The Variable Neighborhood Search (VNS) metaheuristic, proposed by Hansen and

Mladenovic [9,10] is based in the observation that local minima tend to cluster in one

or more areas of the searching space. Therefore when a local optimum is found, one

can get advantage of its contained information. For example, the value of several

variables may be equal or close to their values in the global optimum. Looking for

better solutions, VNS starts exploring, first the nearby neighborhoods of its current

solution, and gradually the more distant ones. There is a current solution Sa and a

neighborhood of order k associated to each iteration of VNS. Two steps are executed

in every iteration: first, the generation of a neighbor solution of Sa, named Sp ∈ Nk
(Sa), and second, the application of a local search procedure on Sp, that leads to a

new solution Sol. If Sol improves the current solution Sa, then the searching proce-
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dure will start now from G using k = 1. Otherwise, k = k + 1 and the procedure is
repeated from Sa. The algorithm stops after a certain number of times that the com-

plete exploration sequence N;N₂: ... :Nkmux is performed. The following algorithm
shows how the solutions are obtained.

Two steps are executed in every iteration: first, the generation of a neighbor solu-

tion of Sa, named Sp e Nk (Sa),, and second, the application of a local search proce-
dure on Sp, that leads to a new solution Sol. If Sol improves the current solution Sa,

then the searching procedure will start now from G using k = 1. Otherwise. k = k + 1
and the procedure is repeated from Sa. The algorithm stops after a certain number of

times that the complete exploration sequence N:N: ... :NAmax is performed. The fol-
lowing algorithm shows how the solutions are obtained.

BEGIN

Procedure Variable Neighborhood Search (VNS)

/* Nk: k = 1, ..., kmax, neighborhood structures */
/* Sa : current solution */

/* Sp : neighbor solution of Sa */
/* Sol: local optima solution */

REPL.T UNTIL (End) DO

/*

k 1

REPEAT UNTIL (k kmax) DО

Generate neighbor Sp of the kth neighborhood
Sa (Sp є Nk (Sa)) */

Sp GetNeighbor (Sa, Nk);

Sol LocalSearch (Sp);
IF (Sol is better than Sa) THEN

ELSE

Sa Sol;

kk + 1

of

ENDIf

ENDDO

ENDDO

END

Partitioning algorithms match the objective function (2) in order to minimize the

distance of the objects to their centroids. The geographic clustering algorithm is

following the same objective with the use of VNS. The following pseudocode is
commented in order to highlight the performance of both cycles and the search of the

minimum distance in the objective function.

3.1 VNS Algorithm for the Geographical Clustering Problem (GCP)

Let n be the number of objects to classify

UG, denotes that the object i is assigned to the centroid j for i=1,..,.n; j=1,...,k
Let M={M,M,M,} be a solution of K centroids
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MaxVNS /*maximum number of iterations to go over all the neighborhood search
*

MaxLS /*number of iterations of Local Search (LS) for each neighborhood */

1. Initialization

/* Get an initial solution */

Generate initial random centroids M = {M₁, M2, . Mk}
/* Any AGEB can be a randomly obtained centroid */

BEGIN

Current cost ← Cost (M)

/* Another solution is generated and compared with the current so-
lution. The best solution is stored */

cont←1

WHILE cont < MaxVNS DO

BEGIN

k-neighborhood 1

/* Control variable */

WHILE kneighborhood <> n DO

BEGIN

C Generates a random solution with a k-

neighborhood
/* Gets a neighbor of k-neighborhood */

Sol neighborhood← LocalSearch (C);

IF(Cost (Sol_neighborhood)<current_cost) THEN

MSol_neighborhood;
ELSE k-neighborhood ← k-neighborhood +1;

ENDWHILE

/*Go to the next neighborhood only if the current

solution(M) is not improved */

END

ENDWHILE

Cont ← cont+1

Return (M) /* Solution with the minimum cost */

2. Cost Function (Sol)
/* Determine the quality of the solution SOL, i.e. how much the

objective is minimized */

BEGIN

i1

/* Initialize the first object */

cost ←0

WHILE (i≤ n) DO

BEGIN

/* For each object in Ug do */

IF (Ug, is not a centroid)
BEGIN

dmin← dist(Sol;, Ugт (

THEN

/* Represents the distance between the object and the Soli (first

centroid where Sol represents the set of centroids). The distance

between each object and its nearest centroid is calculated */

j2
/* Go to the second centroid */

WHILE (j ≤ k) THEN
BEGIN

IF (dist (Sol,, Ugi) < dmin) THEN
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/* Calculate the distance between the object i and the Sol,
(another centroid) */

dmin dist (Sol,, Ug1)

ENDIF

j←j + 1
/* Go to the next centroid */

ENDWHILE

ENDIF

cost ← cost + dmin

i ←i + 1

ENDWHILE

Cost(Sol) ← cost

END

The Local Search (LS) algorithm improves the current solution searching in its
neighborhood. It can finish finding a better solution or reaching the maximum num-

ber of iterations. The maximum number of iterations avoids cycling in the case that a

better solution cannot be found.

4 Experimental Design

This section presents the necessary conditions to diminish the compactness between
AGEBs, used as a function cost in the CGP solved with the VNS heuristic. The con-

trol variables used are the neighborhood structures (NS), the local search iterations

(LS) and the number of groups (G) to consider. The quality of the results is system-
atically evaluated to identify the influence of the control parameters on the cost func-

tion and to model the dependency, exploring its influence in the obtaining of local
optima solutions.

The experiments were performed in a computer with an Intel Centrino® proces-

sor, speed of 1.4 Ghz 768MB in RAM memory and 80 GB of Hard Disk memory. We

tested 171 variables in 473 AGEBs. Each AGEB includes data of 55 blocks, in aver-

age.

An experimental design of answers' surface with a set of tests that deliberately
change some variables with other remaining fixed in the system allowed us to observe

the changes in the output variables and to explore the effects described in the previ-
ous paragraph.

4.1 Response Surfaces

The methodology of response surfaces is a combination of techniques of design and

analysis of experiments that used in a sequential way, allow researchers, the determi-

nation of the operation conditions that produces solutions near to the optima [12].
A smooth complex function can come near locally (in "small" zones of the opera-

tion region) using polynomials of low order. If the zone where the local approach is

made is "far" from the zone where the maximum is found, a polynomial of first order

is a good approach. However, if the zone is "close" to the zone where the maximum

is, it is necessary to use a polynomial of second order to describe the function.

A systematized analysis can be developed using a Box-Behnken design type. This
type of design, due to its characteristics is easy to carry out for defined and adapted
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levels of the design parameters: besides, a rotary design with equal variance can be

made for all points in the experiment that are equidistant to the center of the design

region. On the other hand it is possible to make sequential experiments in zones that

we pruned in order to study the individual effects of the control parameters and the

combination of the synchronized effects [12].
Another advantage of this design is that the results can be modeled with a second

order function and an analysis of the behavior of the cost function can be modeled

using the methodology of the response surfaces.
A Box-Behnken design for five parameters of control is used in an experiment

with 15 combinations and four central points. The results obtained with the heuristic

method are used for choosing the levels of the parameters and the definition of the

experimentation region. The parameter levels used in the experiment can be seen in

Table 1. The nomenclature used in the tables 1 and 2, is: NS (neighborhood struc-

tures). LS (Local Search), G (Groups), FC (Cost Function).

The Box-Behnken's matrix of parameters design are: Factors = 3, Replicates = 1,
Base runs = 15; Total runs = 15; Base blocks = 1; Total blocks = 1; Center points =

3. With these levels and parameters, 15 experimental combinations were tested.

In the test with Standard Order of 8 we observed that with 24 groups and parame-

ters of LS = 530 and NS = 640 the cost function is 10.8371. This is the closest value

to the optimal objective of 9.279 obtained with PAM. In contrast, PAM managed to

get that solution in 27 hours and our VNS algorithm reduced considerably the compu-

tational time to 13 minutes, with 616529 iterations and 16 accepted solutions. The

behavior of the objective value, represented with the cost function, according to the

number of iterations for the VNS heuristic can be seen in Fig. 1.

Table 1. Levels used during the experimentation.

Parameter High Level Center Level Low Level

LS 848 530 212

NS 640 400 160

G 24 18 12

Table 2. Experimental tests for BB.

Std Order Groups LS NS FC

15 18 530 400 12.6586

2 24 212 400 10.9011

4 24 848 400 10.8866

1 12 212 400 15.4535

5 12 530 160 15.3206

7 12 530 640 15.3221

14 18 530 400 12.5667

6 24 530 160 11.0177

13 18 530 400 12.5597

10 18 848 160 12.4411

11 18 212 640 12.6957

8 24 530 640 10.8371

3 12 848 400 15.1598

12 18 848 640 12.4726

9 18 212 160 12.8541
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VNS test 3 24 groups

LS =530 and NS =640

18

16

14

solutions
12

10 FC 10.8871

8

이 100000 200000 300000

iterations

Fig. 1. Objective (Cost Function) vs. Number of Iterations for VNS Std. Order = 8, Groups
=24, LS = 530, NS = 640, FC = 10.8371

This instance has been chosen as a representative example of the experiment de-
signed, because it was found that 24 groups is an observed turning point in our multi-
variate statistical study.

4.2 Model for the Cost Function and Verification of the Experimental Model

Fig. 2 shows the residual plots for the experimental model. It can be concluded that

the data behave normally and a second order model is well adapted.

The data obtained in the experiments were used in a second order regression
model in order to get a prediction equation. The estimated regression coefficients are

presented in Table 3.

Table 3 shows that the interaction effects between parameters are less important.

4.2 Predictions for the Cost Function

Figure 3 presents the response surface plots that show the effects of the variation of

LS, NS and G on the cost function. It can be seen that the number of groups in a

value of 24, generates a minimum in the function cost for high values in LS and NS.

An analysis of the surface plots allowed us to observe that the cost function tends

to have reduced values for a greater number of groups, the NS value should be large
and the LS value high. This analysis allowed us to limit the magnitude of the control

parameters in the search of the minimum value in the cost function.

Contour plots were generated for regions in the surface plots with control parame-

ters that generated cost function values near to the optimal.
It can be seen in Fig. 4 that the best cost function of 10.85, is reached for several

values of BL and NS, fixing G in 24, and obtaining a contour of 10.8378, shown in

the upper right of the graph. Otherwise for LS = 848, NS = 640 and G = 24 the ob-

jective function has a minimum value, as can be seen in Fig. 5. For 24 groups the
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optimal value obtained with PAM is 9.279 and the cost function obtained with the

VNS is 10.8378 with 24 groups, LS = 848 and NS = 640 as an example. These pa-

rameters were used for the Regression with a Second Order model (See Fig. 5).

All solutions obtained by the VNS needed less than 13 minutes.

Residual Plots for op

Normal Probability Plot
Versus Fits

99 0.050

90

50

10

0.025

Re
si
du
al

0.000

-0.025

-0.050
1

-0.10 -0.05 0.00

Residual

0.05 0.10 11 12

Histogram

3-

13 14 15

Fitted Value

Versus Order

0.050

0.025-

F
r
e
q
u
e
n
с
у

N

Re
si
du
al

0.000

-0.025

-0.050

0

-0.04 -0.02 0.00 0.02 0.04 1 2 34 5 6 7 8 9 10 11 12 13 14 15

Observation Order
Residual

Fig. 2. Graphs of normal probability, residual and histogram of results

Table 3. Estimated Regression Coefficients

Term Coef SE Coef T P

Constant 24.1966 0.400207 60.460 0.000

G -0.8701 0.035285 -24.658 0.000

LS -0.0011 0.000489 -2.280 0.072

NS -0.0002 0.000648 -0.280 0.791

G+G 0.0138 0.000912 15.175 0.000

LS LS -0.0000 0.000000 -0.315 0.766

NS NS 0,0000 0.000001 0.573 0.592

G LS 0.0000 0.000017 2.055 0.095

G*NS -0.0000 0.000022 -1.443 0.209

LS+NS 0.0000 0.000000 1.505 0.193

S=0.06308, R-Sq=99.9% R-Sq(adj)=99.9%
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RESPONSE SURFACES FOR THE COST FUNCTION
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Fig. 3. Surface Plots for the Cost Function
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Fig. 4. Contour for 24 groups
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Optimal
D

0 24457
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[640.0000]
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G
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FC

Targ: 10.80

y = 10.8378

d = 0.24457

Fig. 5. Regression with the Second Order Model.

4 Conclusions

From the results obtained through all this work, we have found the VNS parameter

values, used for solving the GCP that accompanied the best objective solutions.
a) In general, the number of groups is directly proportional to the quality of the

solutions.

b) A value of NS close to 640 units, independently of the group size, will yield
better values in the objective function.

c) The best objective values were found for LS values between 848 and 530.

The experiment used the results obtained with the empirical combinations, where

24 proved to be a good number of groups. For this reason, Tables 1 of section 4 used

24 groups. With these data development all the corresponding work tried to find a

stationary point that could not be found. The future work pretends to extend the ex-

periment, increasing the parameters value, leading to generate more instances that
permit the experiment to be more extensive.

The experience obtained in the implementation of VNS for the GCP has been satis-

factory in the sense that in few minutes the algorithm creates good quality solutions
after 616529 iterations.

We have repeated the experiment using simulated annealing and got good solu-
tions in a shorter time [4]. But the VNS solutions shown in this paper got better re-

sults. These results will allow us to perform a comparative work of both heuristics as

a future research.
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